2.0


2.0

Potentials and Fields
Potential formulation

The Maxwell equations represent a first order formulation (in derivatives). We can obtain a second order formulation involving potentials  and  EQ \o(A,≥)  as follows. Define






 EQ \o(B,≥)  =  EQ \o(—,≥)    EQ \o(A,≥) .



(2.1)

(Always possible since  EQ \o(—,≥) . EQ \o(B,≥)  = 0.)  Then we have from Faraday's law 





   EQ \o(—,≥)   EQ \o(E,≥)  = -  EQ \f(∂\o(B,≥),∂t) ,



(2.2)

that





   EQ \o(—,≥)  ( EQ \o(E,≥)  +  EQ \f(∂\o(A,≥),∂t) ) = 0.



(2.3)

This implies





=>  EQ \o(E,≥)  +  EQ \f(∂\o(A,≥),∂t)  = - EQ \o(—,≥) ,



(2.4)




or   EQ \o(E,≥)  = - EQ \o(—,≥)   EQ \f(∂\o(A,≥),∂t) .



(2.5)

Restrict attention to vacuum form of Maxwell eqns.  Substitute these potentials. Then





     EQ \o(—,≥) . EQ \o(E,≥)  =  EQ \f(1,e0)  ,



(2.6)

becomes





2+  EQ \f(∂,∂t) (\o(—,≥).\o(A,≥))  = -  EQ \f(1,e0)  .


(2.7)

Likewise





 EQ \o(—,≥)    EQ \o(B,≥)  - 00  EQ \f(∂\o(E,≥),∂t)  = 0  EQ \o(J,≥) ,


(2.8)

becomes



2 EQ \o(A,≥)  - 00  EQ \f(∂2\o(A,≥),∂t2)  -  EQ \o(—,≥)(\o(—,≥).\o(A,≥) + m0e0 \f(∂F,∂t))  = - 0  EQ \o(J,≥) .
(2.9)

Gauge transformations


Notice that






 EQ \o(A,≥)  ->  EQ \o(A,≥)  +  EQ \o(—,≥) ,



(2.10)





     ->  -  EQ \f(∂L,∂t) ,



(2.11)

where  is an arbitrary continuous scalar function of position and time,  = ( EQ \o(x,≥) ,t), leaves  EQ \o(B,≥)  and  EQ \o(E,≥)  unchanged. Therefore choose




 EQ \o(—,≥) . EQ \o(A,≥)  + 00  EQ \f(∂F,∂t)  = 0.  ("Lorentz gauge")

(2.12)
Then





2- 00  EQ \f(∂2F,∂t2)  = -  EQ \f(1,e0)  ,


(2.13)




2 EQ \o(A,≥)  - 00  EQ \f(∂2\o(A,≥),∂t)  = - 0  EQ \o(J,≥) .


(2.14)

We thus recover our three dimensional wave equations from the last chapter but for  and  EQ \o(A,≥) , not  EQ \o(E,≥)  and  EQ \o(B,≥) . Always possible since if





 EQ \o(—,≥) . EQ \o(A,≥) 0 + 00  EQ \f(∂F0,∂t)  = F,



(2.15)

we can then choose






 EQ \o(A,≥)  =  EQ \o(A,≥) 0 +  EQ \o(—,≥) ,



(2.16)




     = 0 -  EQ \f(∂L,∂t) ,



(2.17)

such that





   2- 00  EQ \f(∂2L,∂t2)  = - F,


(2.18)

rendering the condition (2.12) true again. The gauge is not completely fixed. We can still have





     EQ \o(A,≥)  ->  EQ \o(A,≥)  +  EQ \o(—,≥) ,



(2.19)



         ->  -  EQ \f(∂L,∂t) ,



(2.20)

as long as





2- 00  EQ \f(∂2L,∂t2)  = 0.



(2.21)

Another way of seeing the consistency of the Lorentz gauge is by considering



- (2 - 00  EQ \f(∂2,∂t2) ) ( EQ \o(—,≥) . EQ \o(A,≥)  + 00  EQ \f(∂F,∂t) ) = 0,

(2.22)




  =>  0 ( EQ \o(—,≥) . EQ \o(J,≥)  +  EQ \f(∂r,∂t) ) = 0,



(2.23)

which is just the equation of continuity, expressing charge conservation. Eqs.(2.13) and (2.14) may be written in shorthand






 EQ \o(| |,_,_)   = -  EQ \f(1,e0)  ,



(2.24)






 EQ \o(| |,_,_) \o(A,≥)   = - 0  EQ \o(J,≥) ,


(2.25)

where  EQ \o(| |,_,_)   2 - 00  EQ \f(∂2,∂t2)  is called the "d'Alembertian" operator.


Another choice: ("radiation" or "Coulomb" gauge)






 EQ \o(—,≥) . EQ \o(A,≥)  = 0.




(2.26)

Then





2 = -  EQ \f(1,e0)  ,


    
(2.27)



2 EQ \o(A,≥)  - 00  EQ \f(∂2\o(A,≥),∂t2)  = - 0  EQ \o(J,≥)  + 00  EQ \f(∂\o(—,≥)F,∂t) .

(2.28)

Also consistent in the same sense:




  -  EQ \b(—2 - m0e0 \f(∂2,∂t2) ) \o(—,≥) . EQ \o(A,≥)  = 0,


(2.29)




=> 0  EQ \b( \o(—,≥).\o(J,≥) - e0 \f(∂,∂t ) —2F )  = 0.


(2.30)

                          [image: image1.wmf]
                                         -  EQ \f(∂r,∂t )  
You will investigate in a HW problem the uniqueness of this gauge.

Retarded potentials


We assume that the solutions to (2.13) and (2.14) may be written as



( EQ \o(x,≥) ,t) =  EQ \f(1,4pe0) \i(,, ) d3x'dt' G( EQ \o(x,≥) ,t; EQ \o(x,≥) ',t') ( EQ \o(x,≥) ',t'), (2.31)

and



 EQ \o(A,≥)(\o(x,≥),t)  =  EQ \f(m0,4p) \i(,, ) d3x'dt' G( EQ \o(x,≥) ,t; EQ \o(x,≥) ',t')  EQ \o(J,≥)(\o(x,≥)',t') ,
 (2.32)

where G( EQ \o(x,≥) ,t; EQ \o(x,≥) ',t') is called a Green function. Substituting (2.31) and (2.32) in (2.13) and (2.14), we find that these are indeed solutions if and only if G( EQ \o(x,≥) ,t; EQ \o(x,≥) ',t') satisfies




 EQ \o(| |,_,_) G( EQ \o(x,≥) ,t; EQ \o(x,≥) ',t') = - 4(3)( EQ \o(x,≥) - EQ \o(x,≥) ')(t-t').
 (2.33)

((3)( EQ \o(x,≥) - EQ \o(x,≥) ') = (x-x')(y-y')(z-z').) I will now show directly that




GR( EQ \o(x,≥) ,t; EQ \o(x,≥) ',t')   EQ \f(d((t-t') - \f(R,c)) ,| EQ \o(x,≥) - EQ \o(x,≥) '|),


 (2.34)

where R = | EQ \o(x,≥) - EQ \o(x,≥) '| and (x) is a (one dimensional) Dirac delta function, is one possible solution. Here we go. For simplicity, set  EQ \o(x,≥) ',t' = 0. A vector identity tells us we may write,


2  EQ \b(\f(d(t - \f(|\o(x,≥)|,c)),|\o(x,≥)|))  = (t -  EQ \f(|\o(x,≥)|,c) ) 2  EQ \f(1,|\o(x,≥)|)  +  EQ \f(1,|\o(x,≥)|)  2 (t -  EQ \f(|\o(x,≥)|,c) ) 





+ 2  EQ \o(—,≥) \f(1,|\o(x,≥)|) . EQ \o(—,≥) (t -  EQ \f(|\o(x,≥)|,c) ).


(2.35)

We have






 EQ \o(—,≥)  | EQ \o(x,≥) | =  EQ \f(\o(x,≥),|\o(x,≥)|) ,



(2.36)






 EQ \o(—,≥) \f(1,|\o(x,≥)|)  = -  EQ \f(\o(x,≥),|\o(x,≥)|3) ,


(2.37)






2 | EQ \o(x,≥) | =  EQ \f(2,|\o(x,≥)|) ,



(2.38)






2  EQ \f(1,|\o(x,≥)|)  = -4(3)( EQ \o(x,≥) ).


(2.39)

In addition (prime denotes derivatives wrt the argument of the delta functions),



 EQ \o(—,≥)  (t -  EQ \f(|\o(x,≥)|,c) ) = -  EQ \f(1,c)  '(t -  EQ \f(|\o(x,≥)|,c) ) EQ \o(—,≥)  | EQ \o(x,≥) |,

(2.40)

and

2 (t-  EQ \f(|\o(x,≥)|,c) ) =  EQ \f(1,c2)  ''(t -  EQ \f(|\o(x,≥)|,c) )( EQ \o(—,≥) | EQ \o(x,≥) |)2 -  EQ \f(1,c)  '(t -  EQ \f(|\o(x,≥)|,c) ) 2 | EQ \o(x,≥) |,



=  EQ \f(1,c2)  ''(t -  EQ \f(|\o(x,≥)|,c) ) -  EQ \f(2,c|\o(x,≥)|)  '(t -  EQ \f(|\o(x,≥)|,c) ).

(2.41)

Putting the pieces together then yields

2  EQ \b(\f(d(t - \f(|\o(x,≥)|,c)),|\o(x,≥)|))  =  -4(t -  EQ \f(|\o(x,≥)|,c) )(3)( EQ \o(x,≥) ) +  EQ \f(1,|\o(x,≥)|c2)  ''t -  EQ \f(|\o(x,≥)|,c) ),





 = -4(t)(3)( EQ \o(x,≥) ) +  EQ \f(1,|\o(x,≥)|c2)  ''(t -  EQ \f(|\o(x,≥)|,c) ). 











 (2.42)

On the other hand, we have ( 00 =  EQ \f(1,c2)  )



- 00  EQ \f(∂2,∂t2) \b(\f(d(t - \f(|\o(x,≥)|,c)),|\o(x,≥)|))  = -  EQ \f(1,|\o(x,≥)|c2)  ''(t -  EQ \f(|\o(x,≥)|,c) ), (2.43)

thus giving finally,




   EQ \o(| |,_,_) \b(\f(d(t - \f(|\o(x,≥)|,c)),|\o(x,≥)|))  =  -4(t)(3)( EQ \o(x,≥) ).
(2.44)

Shifting the spatial and time origins  EQ \o(x,≥)   EQ \o(x,≥)  -  EQ \o(x,≥) ', t t - t', then shows that (2.34) is a solution to (2.33). 


Eq.(2.34) is called the retarded solution. (2.34) is not the only solution to (2.33). Since we are solving a second order differential equation, there should be a second linearly independent solution. In a HW problem you will show that




GA( EQ \o(x,≥) ,t; EQ \o(x,≥) ',t')   EQ \f(d((t-t') + \f(R,c)),|\o(x,≥)-\o(x,≥)'|) ,


(2.45)

is also a solution, called the advanced solution. It is not generally used since it propagates waves backwards in time.


If we choose the retarded solution, then the potentials in unbounded space may be written (still Lorentz gauge),



( EQ \o(x,≥) ,t) =   EQ \f(1,4pe0) \i(,, ) d3x'dt'  EQ \f(d((t-t') - \f(R,c)),|\o(x,≥)-\o(x,≥)'|)  ( EQ \o(x,≥) ',t'),












 (2.46)





=   EQ \f(1,4pe0) \i(,, ) d3x'  EQ \f(r(\o(x,≥)',t - \f(R,c)),|\o(x,≥)-\o(x,≥)'|) .

 (2.47)

and



 EQ \o(A,≥)(\o(x,≥),t)  =   EQ \f(m0,4p) \i(,, ) d3x'dt'  EQ \f(d((t-t') - \f(R,c)),|\o(x,≥)-\o(x,≥)'|) \o(J,≥)(\o(x,≥)',t') , (2.48)





=   EQ \f(m0,4p) \i(,, ) d3x'  EQ \f(\o(J,≥)(\o(x,≥)',t - \f(R,c)),|\o(x,≥)-\o(x,≥)'|) .


 (2.49)

We define tr  t -  EQ \f(R,c) , and call it the retarded time. The factor  EQ \f(R,c)  is the time delay it takes for the signal, traveling at the speed of light, to travel from the source position  EQ \o(x,≥) ' to the field position  EQ \o(x,≥) . (2.48) and (2.49) are the so-called Lienard-Wiechert potentials. From these expressions we may derive Jefimenko's expressions for  EQ \o(E,≥)(\o(x,≥),t)  and  EQ \o(B,≥)(\o(x,≥),t) . (see Griffths Section 10.2.)

Point particle fields

Using the above results for the retarded potentials, we will now begin to look at some field aspects of moving point charges. Given (e is the charge,  EQ \o(w,≥)(t)  is the given path and  EQ \o(v,≥)(t)  =  EQ \o(.,w,≥)(t) )





( EQ \O(x,≥) ,t) = e (3)( EQ \O(x,≥)  -  EQ \o(w,≥)(t) ),

(2.50)

                    EQ \O(J,≥)(\O(x,≥),t)  = e EQ \O(v,≥)(t) (3)( EQ \O(x,≥)  -  EQ \o(w,≥)(t) ),

(2.51)

we have for the scalar potential,



( EQ \o(x,≥) ,t) =   EQ \f(1,4pe0) \i(,, ) d3x'  EQ \f(d(3)(\o(x,≥)'- \o(w,≥)(t - \f(R,c))),|\o(x,≥)-\o(x,≥)'|) .
  
(2.52)

Doing the integrals in (2.52) is a tricky business. We can not integrate directly because there is  EQ \o(x,≥) ' dependence in  EQ \o(w,≥)(t - \f(R,c))  because R = | EQ \o(x,≥) - EQ \o(x,≥) '|.


 We can cure the problem by going back to (2.46), before the t' integral has been done. This then frees the  EQ \o(x,≥) ' integral from the above problem. In addition, let us temporarily adopt a frame of reference in which  EQ \o(w,≥)(tr)  = 0. That is, we will imagine that the particle which is radiating is instantanously at the origin of our coordinate system at the retarded time tr. We may then generalize the result by letting | EQ \o(x,≥) |R = | EQ \o(x,≥) - EQ \o(w,≥)(tr) | at the end of the calculation (similar to what we did above for GR( EQ \o(x,≥) ,t; EQ \o(x,≥) ',t')). The first step is

( EQ \o(x,≥) ,t)| EQ \o(w,≥)(tr) =0 =  EQ \f(e,4pe0)\i(,, ) d3x'dt'  EQ \f(d(3)(\o(x,≥)'-\o(w,≥)(t'))d(t'-t+\f(|\o(x,≥)-\o(x,≥)'|,c)),|\o(x,≥)-\o(x,≥)'|) .  (2.53)

It is now possible to do the  EQ \o(x,≥) ' integral, yielding


( EQ \o(x,≥) ,t)| EQ \o(w,≥)(tr) =0 =   EQ \f(e,4pe0) \i(,, ) dt'  EQ \f(d(t'-t+\f(|\o(x,≥)-\o(w,≥)(t')|,c)),|\o(x,≥)-\o(w,≥)(t')|) .


The way to proceed now is to use one of the properties of Dirac delta functions. It says,



(f(x')) =  EQ \i\su(i,, ) \f(1,|\f(df,dx')|x'=xi|)  (x'- xi),

  (2.54)

where the sum is over the zeros (xi) of the function f(x). In this case f(t') = t'- t +  EQ \f(|\o(x,≥)-\o(w,≥)(t')|,c) . We calculate that

 EQ \f(df(t'),dt') | EQ \o(w,≥)(tr)  = 0 = 1 +  EQ \f(1,c) \f(d|\o(x,≥)-\o(w,≥)(t')|,dt') | EQ \o(w,≥)(tr)  = 0 = 1 -  EQ \f(1,c) \f(\o(x,≥).\o(w,.,≥),|\o(x,≥)|) .












(2.55)

Defining  EQ \o(w,.,≥)  =  EQ \o(v,≥)  then yields,




( EQ \o(x,≥) ,t)| EQ \o(w,≥)(tr) =0 =  EQ \f(e,4pe0) \f(1,|\o(x,≥)| - \f(\o(x,≥).\o(≥,v),c)) .

(2.56)

The immediate generalization of this is





( EQ \o(x,≥) ,t) =  EQ \f(e,4pe0) \f(1,R - \o(R,≥).\f(\o(≥,v),c))  ,


(2.57)

where  EQ \o(R,≥)  =  EQ \o(x,≥)  -  EQ \o(w,≥)(tr) , and  EQ \o(v,≥)  is evaluated at the exact retarded time, tr = t -  EQ \f(R,c) . Likewise, one may show that





 EQ \o(≥,A)(\o(x,≥),t)  =  EQ \f(\o(v,≥),c2)  ( EQ \o(x,≥) ,t).



 (2.58)

Moving point particle field example


As an example, consider a charge, e, moving on a uniform straight line ( EQ \o(v,≥)  is a constant vector),





( EQ \o(x,≥) ',t') = e ( EQ \o(x,≥) '- EQ \o(v,≥) t'),


 (2.59)





 EQ \o(J,≥)(\o(x,≥)',t')  = e EQ \o(v,≥)  ( EQ \o(x,≥) '- EQ \o(v,≥) t').


 (2.60)

Formally,




( EQ \o(x,≥) ,t) =  EQ \f(e,4pe0) \f(1,|\o(x,≥)-\o(v,≥)tr| - (\o(x,≥)-\o(v,≥)tr).\f(\o(≥,v),c))  .

 (2.61)

To make this explicit, we need an expression for tr. We know that





tr = t -  EQ \f(|\o(x,≥)-\o(v,≥)tr|,c) .



 (2.62)

Therefore





c2(tr - t)2 = ( EQ \o(x,≥) - EQ \o(v,≥) tr)2.


 (2.63)

This leads to a quadratic equation in tr which is solved by


   tr =  EQ \f(t - \f(\o(x,≥).\o(v,≥),c2) \o(+,-) \f(1,c)\r((\o(x,≥)-\o(v,≥)t)2+\f(1,c2)((\o(x,≥).\o(v,≥))2-x2v2)),1-(\f(\o(v,≥),c))2) .
 
(2.64)

We can decide on the  EQ \o(+,-)  sign above by looking at the circumstance where  EQ \o(v,≥)  = 0, which tells us that the retarded solution uses the - sign. By rearranging (2.64), we then have that

(1 - ( EQ \f(\o(v,≥),c) )2)tr - t +  EQ \f(\o(x,≥).\o(v,≥),c2)  = -  EQ \f(1,c)\r((\o(x,≥)-\o(v,≥)t)2+\f(1,c2)((\o(x,≥).\o(v,≥))2-x2v2)) ,    (2.65)

or


( EQ \o(x,≥) - EQ \o(v,≥) tr). EQ \f(\o(≥,v),c)  = c(t - tr) -  EQ \r((\o(x,≥)-\o(v,≥)t)2+\f(1,c2)((\o(x,≥).\o(v,≥))2-x2v2)) ,   (2.66)

Using (2.62), (2.66) in (2.61) gives



( EQ \o(x,≥) ,t) =  EQ \f(e,4pe0) \f(1,\r((\o(x,≥)-\o(v,≥)t)2+\f(1,c2)((\o(x,≥).\o(v,≥))2-x2v2))) .

 (2.67)

The vector potential is given by (2.58) above,





 EQ \o(A,≥)(\o(x,≥),t)  =  EQ \f(\o(v,≥),c2)   EQ \o(x,≥) ,t).



 (2.68)

From these potentials, exact expressions for both  EQ \o(E,≥)(\o(x,≥),t)  and  EQ \o(B,≥)(\o(x,≥),t)  can be obtained, showing that





 EQ \o(B,≥)(\o(x,≥),t)  =  EQ \f(\o(v,≥),c2)    EQ \o(E,≥)(\o(x,≥),t) .


 (2.69)


These  EQ \o(E,≥) ,  EQ \o(B,≥)  fields are special cases of the fields found in the previous section for the general motion of a point charge.

E&M Chapter 2 Problems
1. The Coulomb gauge is specified by 






 EQ \o(≥,—) · EQ \o(≥,A)  = 0.

Investigate the class of gauges which keeps this intact. That is, consider





 EQ \o(≥,A)    EQ \o(≥,A)  +  EQ \o(≥,—) 





   -  EQ \f(∂L,∂t) ,

and find the equation that  obeys. Can  have time dependence?

2. Show that (the "advanced solution")




GA( EQ \o(≥,x) ,t; EQ \o(≥,x) ',t') =  EQ \f(d(t-t'+ \f(R,c)),|\o(≥,x)-\o(≥,x)'|) ,

also solves Eq.(2.33) of the notes.

3. Using (2.48) and (2.51) of the notes, show that the vector potential for a moving point charge is just




   EQ \o(≥,A)(\o(≥,x),t)  =  EQ \f(\o(≥,v),c2)  ( EQ \o(≥,x) ,t),

where  EQ \o(≥,v)  =  EQ \o(≥,w,.)(tr) ,  EQ \o(≥,R)  =  EQ \o(≥,x)  -  EQ \o(≥,w)(tr)  and tr = t -  EQ \f(R,c) , and where the scalar potential is (see notes) 




( EQ \o(≥,x) ,t) =   EQ \f(e,4pe) \f(1,R-\o(≥,R)·\f(\o(≥,v),c))  .

4. In the notes I calculated the "retarded potential" of a point charge, e, moving along a path given by a vector function of source time,  EQ \o(w,≥)(t') . It is given by Eq.(2.57) of the notes,




ret( EQ \o(x,≥) ,t) =  EQ \f(e,4pe0) \f(1,R - \o(R,≥).\f(\o(≥,v),c))  ,


(1)

( EQ \o(v,≥)  =  EQ \o(w,.,≥) ) Show that the "advanced potential" for the same circumstance is given by




adv( EQ \o(x,≥) ,t) =  EQ \f(e,4pe0) \f(1,R + \o(R,≥).\f(\o(≥,v),c))  .


(2)

Notice that (1) and (2) are only different by the sign of the velocity term in the denominator.

5. Consider the Lienard-Wiechert (retarded) potential, ( EQ \o(x,≥) ,t), for a particle of charge e traveling at a constant speed, | EQ \o(v,≥)(t) | = const, in a circle of radius R whose plane is perpendicular to and centered on the z-axis. Take the origin of coordinates at the center of the circle, O.



 [image: image2.wmf]
The charge and current densities are





( EQ \O(x,≥) ,t) = e (3)( EQ \O(x,≥)  -  EQ \o(w,≥)(t) ),

                    EQ \O(J,≥)(\O(x,≥),t)  = e EQ \O(v,≥)(t) (3)( EQ \O(x,≥)  -  EQ \o(w,≥)(t) ),
where  EQ \o(w,≥)(t)  gives the particle's position at time t and  EQ \o(v,≥)  =  EQ \o(w,.,≥) . Evaluate the potential along the z-axis, showing that

 =  EQ \f(e,4pe0) \f(1,\r(R2+z2)) .

[Note that in this special case the time dependece has vanished and the above is the same as the electrostatic potential. But this must be shown.]

Other Problem

6. In Coulomb gauge,  EQ \o(—,≥) . EQ \o(A,≥)  = 0, Maxwell's equations can be written,

2 = -  EQ \f(1,e0)  ,
2 EQ \o(A,≥)  - 00  EQ \f(∂2\o(A,≥),∂t2)  = - 0  EQ \o(J,≥)  + 00  EQ \f(∂\o(—,≥)F,∂t) .


Define the transverse current as,

 EQ \o(J,≥) T   EQ \o(J,≥)  - 0  EQ \f(∂\o(—,≥)F,∂t) .

(a) Show directly that the transverse current has  EQ \o(—,≥) . EQ \o(J,≥) T = 0.

(b) Show that this current may also be written as

 EQ \o(J,≥) T =  EQ \o(—,≥) x EQ \b(\o(—,≥)x\i(,, )\f(d3x',4p) \f(\o(J,≥)(\o(x,≥)'),|\o(x,≥) - \o(x,≥)'|)) .

