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Chapter 5:  Two Static Approximation Methods

It is in the nature of physical systems that the closer they are observed, the more detail there is to see;  the closer we come to mathematically describing these additional details, the more intricate our mathematical considerations often then become; the more intricate the mathematical description is, the more difficult it usually becomes to solve our system of equations in some exact analytical way.  Sometimes, the additional physical details we wish to incorporate into the theory are sufficiently small compared to other quantities already in the theory that their incorporation does not involve an entirely new solution or an entirely new starting point but can be treated as a perturbation of the old solution or starting point.  What I want to talk about here are two methods for carrying out this program.  The first technique, called time independent perturbation theory or Rayleigh-Schrödinger perturbation theory is mainly useful when additional small time-independent interactions are added to a system for which an exact analytical solution is already available.  This is often the case in the intricate interactions that occur in atomic and nuclear physics.  The results that it gives are very general and are not necessarily limited to a nonrelativistic domain. The other technique, called the WKB or JWKB semiclassical approximation, is based upon the use of a "classical" version of the Schrödinger equation as a new starting point for the description of situations where particles are subjected to slowly varying potentials in space.  The treatment of time independent perturbation theory is independent of any assumptions concerning our space dimensionality. However, we will maintain our limitation to a single spatial dimension for purposes of simplicity in the WKB method discussion, although that single dimension could be, for example, the radial coordinate in a three dimensional space, say.


Time dependent perturbation theory is also an important subject in quantum mechanics. It comes into play mainly when transitions from one state to another or scattering are considered.  Unfortunately, we will not have time to cover this important topic here.


To begin with, let us consider a Hamiltonian that is dependent on some real parameter, . (It could, for example, represent an interaction with an electric or magnetic field.) The basic eigenvalue-eigenvector statement is given by




(H() - E()|E> = 0,



(1)

where in general the energies and the states also have a  dependence. ( is simply a parameter in |E>, not an eigenvalue.) Taking the derivative of (1) with respect to  gives



(H - E)  EQ \f(∂,∂l)  |E> +  EQ \b( \f(∂H,∂l) - \f(∂E,∂l) ) |E> = 0.

(2)

Now project both terms in (2) into the state <E|.  Since we know that <E|(H - E) = 0, we get (Feynman-Hellman theorem)





<E|  EQ \f(∂H,∂l)  |E> =  EQ \f(∂E,∂l)  , 



(3)

which is an exact statement.  This equation is useful on occasions when E() is known and we wish to evaluate certain operator expectation values.


We now wish to solve (2) for  EQ \f(∂,∂l)  |E>.  Assuming the inverse of the operator (H - E) exists, the general solution is


  EQ \f(∂,∂l)  |E> = iC()|E> +  EQ \f(1,E - H) \b( \f(∂H,∂l) - \f(∂E,∂l) ) |E> ,
(4)

where C() is an arbitrary real constant.  We can see why this term is allowed because if we try to reproduce (2) from (4) by operating on both sides by (E - H), we see that the term proportional to C() will project to zero.  It actually arises because of the freedom of choice of a -dependent phase in the definition of the state |E>.  We will put 
C() = 0 in the following, but this will not limit the generality of the results.


We will now specialize to problems that have discrete, non-degenerate energy eigenvalues.  Completeness can be written as




 EQ \i\su(E',, ) |E'><E'| = 1.




(5)

Using (5) we may write



  EQ \b( \f(∂H,∂l) - \f(∂E,∂l) ) |E> =  EQ \i\su(E',, ) |E'><E'|  EQ \b( \f(∂H,∂l) - \f(∂E,∂l) ) |E>,
(6)




     =   EQ \i\su(E'≠E,, ) |E'><E'|  EQ \f(∂H,∂l)  |E> .

(7)

We know by (3) above that when E' = E in the sum in (6) that 

the matrix element <E|  EQ \f(∂H,∂l)  -  EQ \f(∂E,∂l)  |E> vanishes.  That is why the sum in (7) leaves out this term.  Once this single term 

is eliminated, we know that the   EQ \f(∂E,∂l)  term in (6) does not contribute because of the orthogonality of the states <E'| and |E>.  This term is zero and the result is then Eqn (7).  Replacing (7) in (4) gives us



  EQ \f(∂,∂l)  |E> =  EQ \f(1,E - H) \i\su(E'≠E,, ) |E'><E'|  EQ \f(∂H,∂l)  |E>.
(8)


Now we postulate on the basis of Eqn (105) of Chapter 1 that





f(H)|E'> = f(E')|E'>, 


(9)

so that




(E - H)-1|E'> = (E - E')-1|E'>.

(10)

Eqn (8) now becomes



 EQ \f(∂,∂l)  |E> =  EQ \i\su(E'≠E,, ) |E'>  EQ \f(< E'l| \f(∂H,∂l) |El >,(E - E'))   .

(11)


Let us go back to Eqn (3) and work out the second derivative of E():

 EQ \f(∂2E,∂l2)  = 

< E|  EQ \f(∂2H,∂l2)  |E > + < E|  EQ \f(∂H,∂l) \b(\f(∂,∂l) |El >)  +  EQ \b(\f(∂,∂l) < El|) \f(∂H,∂l)  |E >.
(12)

The last two terms in (12) are in fact just complex conjugates of each other, so that


  EQ \f(∂2E,∂l2)  = < E|  EQ \f(∂2H,∂l2)  |E > + 2Re EQ \b\bc\[(< El| \f(∂H,∂l) \b( \f(∂,∂l) |El >) )  .
(13)
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                                           Replace
Now let us use (11) in (13).  We get

 
 EQ \f(∂2E,∂l2)  = < E|  EQ \f(∂2H,∂l2)  |E > + 2  EQ \i\su(E'≠E,, ) \f(|< El| \f(∂H,∂l) |E'l >|2,(E - E'))  ,
(14)

where we have dropped the real part restriction because the quantity in brackets in (13) is real.  Eqn (14) is also an exact formula.


Now let's do a Taylor series for E().  We have (assuming the series exists)



E() = E(0) +   EQ \f(∂E(0),∂l)  +  EQ \f(l2,2) \f(∂2E(0),∂l2)  + ...

(15)

where the partials with respect to  are evaluated at  = 0.  Using (3) and (14) in (15) now reveals that


E() = E(0) + < E|  EQ \f(∂H(0),∂l)  |E > +  EQ \f(l2,2)  < E|  EQ \f(∂2H(0),∂l2)  |E > 



 
+ 2  EQ \i\su(E'≠E,, )\f(|< E| \f(∂H(0),∂l) |E' >|2,(E - E')) ) + ... .
(16)

The result (16) is usually applied to the situation where the Hamiltonian is given by





H = H0 + H1 .




(17)

H0 represents a Hamiltonian for which an exact solution is known and H1 represents the "perturbation."  Instead of (17) we may formally write





H = H0 + H1 




(18)

and then evaluate the Taylor series (16) when  = 1 to get the effect of the perturbation H1 on the energy levels.  The result is


E = E0 + <E0|H1|E0> +  EQ \i\su(E\o(0,')≠E0,, ) \f(|< E0|H1|E\o(0,') >|2,(E0 - E\o(0,')))  + ...
(19)

where I have labeled the unperturbed energies as E0.  Eqn (19) says the leading correction to the E0 energy level is just the diagonal element of the pertubation matrix.  Because the perturbation H1 appears linearly in the diagonal term, this is the first order correction to the energy.  The next term, where the H1 matrix element appears squared, is the second order correction, and so on.  Corresponding to these corrections in the energies are corrections to the energy wavefunctions.  However, these new wavefunctions get complicated quite quickly and will not be examined here. (See for example Ch.9 of Anderson, Modern Physics and Quantum Mechanics, 1st ed.)


It sometimes happens that the leading first order correction in (19) vanishes for certain perturbations, but the second order term does not.  Notice that if E0 represents the ground state energy (i.e., the lowest energy state), then the effect of the second order correction is such as to lower the energy of the ground state because (E0 - E EQ \o(0,') ) < 0 for all  E EQ \o(0,')  ≠ E0 by definition.  This cannot be said for higher lying states.  There we see that the second order correction tends to produce a repulsion between neighboring energy levels.  The sign of the overall energy shift, however, is not determined. 


Let us examine a quantitative example of this method. We will reexamine the simple harmonic oscillator with dimensionless Hamiltonian





H0 =  EQ \f(1,2) (p2 + q2) ,



(20)

and energies




E0 = n +  EQ \f(1,2)  ,  n = 0,1,2,...


(21)

We will take the perturbation as





H1 = q3,   ( dimensionless)

(22)

making the system anharmonic.  The new dimensionless energies of the system are given approximately by


En   EQ \b(n + \f(1,2))   + <q3>n +  EQ \i\su(n'≠n,, ) \f(|< n|gq3|n' >|2,(n - n')) .

(23)

Now, the first order energy correction vanishes in the unperturbed states because positive and negative 

position values occur symmetrically in  EQ \s(*,n)(q') n(q').  Another way of arguing this is to say that the q3 operator changes the parity of the state |n>.  We can work out the necessary matrix elements of q3 for the second order term as follows.  Remember that





q =  EQ \f(A + A+,\r(,2))  ,




(24)

where





A|n> =  EQ \r(,n)  |n - 1> ,


(25)





A+|n> =  EQ \r(,n + 1)  |n + 1> .


(26)

We now find successively:

  q|n> =  EQ \f(1,\r(,2)) \b\bc\[(\r(,n) |n - 1 > +  \r(,n + 1) |n + 1 >) ,

(27)

  q2|n> = q[q|n>] =  EQ \f(1,2) \b\lc\[(\r(,n|(n - 1)) |n - 2 >) 



  +(2n + 1)|n >+ EQ \b\rc\](\r(,(n + 1)(n + 2))|n + 2 >) , (28)

  q3|n> = q[q2|n>] =  EQ \f(1,2\r(,2)) \b\lc\[(\r(,n(n - 1)(n - 2)))  |n - 3>




  +  EQ \r(,n) (3n) |n-1 > +  EQ \r(,(n + 1)) (3n + 3) |n + 1>



       +  EQ \b\rc\](\r(,(n + 1)(n + 2)(n + 3)) |n + 3 >) . 
 (29)

Therefore, we have from (23) that


En   EQ \b(n + \f(1,2))  +  EQ \f(g2,8) \b\lc\[(\f(n(n - 1)(n - 2),3) + 9n3 - 9(n + 1)3) 
 

+  EQ \b\rc\](\f((n + 1)(n + 2)(n + 3),-3))  ,




(30)

or



En =  EQ \b(n + \f(1,2))  -  EQ \f(g2,8) (30n(n + 1) + 11) .


(31)

What has happened to the energy levels?  Notice that the correction term in (31) is always negative, lowering all of the energies.  This lowering in energy increases in magnitude as n increases.  In fact, for neighboring energy levels we have




En+1 - En = 1 -  EQ \f(15,2)  2 (n + 1).


(32)

Eqn (32) implies that there is a value of n for which the difference in energies is zero.  This is a backwards way of finding out that our treatment of the perturbing Hamiltonian can hardly be valid under these conditions.  Eqn (32) shows that our perturbative treatment of H1 must break down when






2n ~ 1.




(33)

Why has this happened?  At higher energy levels, the system is "sampling" larger q' (position) values.  However, for any fixed value of  in (22) there will be values of q' for which q'3 >  EQ \f(1,2)  q'2 for larger q'.  Under these conditions the "perturbation" will in fact be the dominant term in the energy and a perturbative treatment is bound to be inadequate.


We have left out a large class of problems in deriving the result (19).  We have specified that the energy levels of our systems be non-degenerate.  Many physical systems have such degeneracies.  (The hydrogen atom is one such system we will study next semester.)  Let us assume that we are trying to solve for the energy levels of a Hamiltonian of the form (17), but that there exists a k-fold degeneracy of the unperturbed energy levels.  In addition to the unshifted energy label, E0, there will now be another label which will distinguish between these k states.  Let's label such a state as |E0a> where a = 1,...,k.  Of course the point is to find a representation which diagonalizes the full Hamiltonian, H = H0 + H1, the diagonal elements being the energy eigenvalues. Now, it is reasonable (and justifiable) to assume that the first order effect on the k members of the unperturbed (degenerate) energy spectrum will just come from those states which are elements of the degenerate subspace; that is, we neglect the effect of any "distant" energy states. If this is so, then it is only necessary to diagonalize the perturbation, H1, in the degenerate subspace. Then, the shifted energy levels will of course be given by 




Ea = E0 + <E0a|H1|E0a> ,



(34)

where  <E0a|H1|E0a> is just the eigenvalue corresponding to the eigenvector labeled by "a". Thus, this is just a standard eigenvalue/eigenvector problem, but carried out entirely within the originally k-fold degenerate subspace. Then, if the diagonal elements of this matrix are all distinct, the degeneracy will have been lifted and we will have k distinct energy levels where before there was only one.  In this case one can then proceed to second order perturbation theory in a standard fashion, using the newly determined distinct eigenfunctions.  However, It may happen that not all the diagonal elements are distinct after H1 is diagonalized, that some energy degeneracies remain. In order to proceed beyond this point in perturbation theory, it is necessary to use second-order degenerate perturbation theory (which takes into account the effects of "distant" states).  We will not pursue this subject further here as it occurs rather infrequently. (See Gottfried, Quantum Mechamics, problem 1, p.397 for a good problem along these lines.)
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Let us now move on to talk about another useful approximation method:  the WKB semi-classical approximation.  The Schrödinger equation for an arbitrary potential in one spatial dimension is




 EQ \b\bc\[(- \f(h2,2m) \f(d2,dx2) + V(x))  u(x) = Eu(x),

(35)

or




 EQ \b\bc\[( \f(d2,dx2) + \f(2m,h2) (E - V(x)))  u(x) = 0.

(36)

When we were solving (35) or (36) for flat potentials, as in the finite potential barrier problem, we defined the constant (for E > V0, say)





k2 =  EQ \f(2m,h2) (E - V0) ,



(37)

for which the solutions to the Schrödinger equation were





u(x) ~ e±ikx.




(38)

The wave number, k, is related to the deBroglie wavelength by





k =  EQ \f(2p,l)  =  EQ \f(1,\o(l,-))  .




(39)

Following this lead, let us define a position dependent wavenumber by





k EQ \s(2)(x)    EQ \f(2m,h2) (E - V(x)) 


(40)

when (E - V(x)) > 0.  If we think of the potential V(x) in (39) as changing sufficiently slowly with x, then we might expect to get solutions of the form





u(x) ~ e±i∫xdx'k(x'),



(41)

where the lower limit on the integral is not yet specified.

With this u(x) we have*



 EQ \f(1,i) \f(d,dx)  u(x) = ± k(x)u(x),



(42)

and therefore




 EQ \f(d2,dx2)  u(x) = -k2(x)u(x) ± i  EQ \f(dk(x),dx)  u(x),
(43)

which is just (36) if





 EQ \f(1,k2(x))  |  EQ \f(dk(x),dx)  | << 1,


(44)

or, using an obvious definition of  EQ \o(l,-)(x) :





|  EQ \f(d\o(l,-)(x),dx)  | << 1.



(45)

In words, Eqn (45) says that the change in the reduced wavelength because of the varying potential must be small compared to a change in x.  This should be the case in many semi-classical applications where the particle energies are large compared to the potential.


To improve upon (41), let us define a new slowly varying wavefunction (x) such that




u(x) = e±i∫xdx'k(x')(x).



(46)

We then have



 EQ \f(d,dx)  u(x) = e±i∫xdx'k(x') EQ \b\bc\[( \f(d,dx) ± ik(x))  (x).

(47)

and similarly for the second derivative.  The Schrödinger equation now takes the form



 EQ \b\bc\[( \b( \f(d,dx) ± 2ik(x))\b(\f(d,dx)) ± i \f(dk(x),dx) ) (x) = 0,

(48) 

which is still exact.  Since (x) is supposedly a slowly varying function of x, let us neglect the second derivative term in (48).  Then we have





 EQ \f(\f(df,dx),f)  +  EQ \f(1,2) \f(\f(dk,dx),k)  = 0.




(49)

Integrating indefinitely gives





(x) =  EQ \f(C,\r(k(x)))  ,




(50)

where C is an unspecified constant.  Thus, we have approximately that 





u(x)  EQ \o(_,~)  \f(C,\r(k(x)))  e±i∫xdx'k(x'),


(51)

for (E - V(x)) > 0.  The + sign in (51) represents a wave traveling to the right and the minus sign a wave traveling to the left.


Now let us think about the case (E - V(x)) < 0.  We know that classical particles cannot penetrate into such regions because they have insufficient energy.  Quantum mechanically, however, we know that nonzero wavefunctions are allowed and that they are given by real exponentials.  We saw that these solutions are given by making the substitution k  ± iK where 

K =  EQ \f(\r(2m(V0 - E)),h)  .  Letting K(x) =   EQ \f(\r(2m(V(x) - E)),h)   in (51), we find the WKB solutions 




u(x) =  EQ \f(C',\r(,K(x)))  e±∫xdx'K(x'),



(52)

valid for (E - V(x)) < 0.


We now have formulas for slowly varying potentials when (E - V(x))  EQ \o(<,>)  0.  However, the basis for the WKB description of wavefunctions breaks down near classical turning points, i.e., positions near where (E - V(x)) = 0.  Consider a deBroglie wave of energy impinging on a potential barrier from the left, as shown below.
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In this situation, we see that the local reduced wavelength,  EQ \o(l,-)(x) , becomes infinite at x = x1, and the condition (45) is violated.  However, we do have approximate solutions far to the left and right of the turning point in Eqn (51) and (52), respectively.  It is a question of trying to approximately solve the Schrödinger equation in the vicinity of the turning point and then matching this middle wavefunction to the WKB solutions on either side.  The approximate Schrödinger equation near the turning point is given by assuming an expansion of the potential




V(x)  E + (x - x1)  EQ \f(∂V,∂x)  |x=x1


(53)

near x = x1.  Then the Schrödinger equation becomes



 EQ \b\bc\[( \f(d2,dx2) + \f(2m,h2) (x - x1) \f(∂V,∂x) |x=x1 )  u(x) = 0.  

(54)

The details of the mathematics that describe the solution of this equation and the matching of wavefunctions and their first derivatives at the turning points will not be recorded here.  (See Merzbacher, Quantum Mechanics, Ch. 7, for example).  The results of such an analysis tells us that the connections between wavefunctions in the two regions are given by:



    x < x1


      x > x1
   EQ \f(1,\r(k(x)))  2 cos  EQ \b\bc\[( \i\in(x1,x,dx')k(x') + \f(p,4) )   ¶     EQ \f(1,\r(K(x)))  e-∫ EQ \o(x1,x) dx'K(x'),
(55)

   EQ \f(1,\r(k(x)))  sin  EQ \b\bc\[( \i\in(x1,x,dx')k(x') + \f(p,4) )     ¶   -  EQ \f(1,\r(K(x)))  e∫ EQ \o(x1,x) dx'K(x').
(56)

Likewise, if we have a situation as in:
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then we have the connections



    x > x0


      x < x0
   EQ \f(1,\r(k(x)))  2 cos  EQ \b\bc\[( \i\in(x0,x,dx')k(x') - \f(p,4) )    ¶    EQ \f(1,\r(K(x)))  e-∫ EQ \o(x,x0)  dx'K(x'),(57)

 -  EQ \f(1,\r(k(x)))  sin  EQ \b\bc\[( \i\in(x0,x,dx')k(x') - \f(p,4) )     ¶     EQ \f(1,\r(K(x)))  e∫ EQ \o(x,x0)  dx'K(x').
(58)


These sets of equations are called the WKB connection formulas.  The double arrows mean a solution of one form in the given spatial region corresponds to the other form in the neighboring region.


There are several interesting applications of these formulas.  One of these comes from considering the situation in the following figure:
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Here we are imagining an incident wave from the left impinging on the potential but having insufficient energy classically to overcome the barrier.  However in quantum mechanics we know that there will be a finite probability that the particle reaches the region to the right of x = x2 because of tunneling.  Because of (51) and (52) the approximate solutions in regions I and III are:

uI(x) =  EQ \f(A,\r(k(x)))  cos  EQ \b\bc\[( \i\in(x1,x,dx')k(x') + \f(p,4) )  



+  EQ \f(B,\r(k(x)))  sin  EQ \b\bc\[( \i\in(x1,x,dx')k(x') + \f(p,4) ) ,

(59)

uIII(x) =  EQ \f(E,\r(k(x)))  cos  EQ \b\bc\[( \i\in(x2,x,dx')k(x') - \f(p,4) )  



+  EQ \f(F,\r(k(x)))  sin  EQ \b\bc\[( \i\in(x2,x,dx')k(x') - \f(p,4) ) .

(60)

Our requirement of waves impinging from the left requires 
F = iE since uIII(x) must be of the form of (51) with the upper, positive sign.  Now, instead of matching wavefunctions and their first derivatives at x = x1 and x2, it is only necessary to use the connection formulas.  Again, an overall normalization determines one of the constants, so we can, for example, divide everything through by A to isolate two 

ratios,  EQ \f(E,A)  and  EQ \f(B,A)  .  We must use the connection formulas from regions I and III to get two expressions for uII(x).  Requiring consistency of these two expressions gives us the ratios





 EQ \f(E,A)  =  EQ \f(i,2q)  ,





(61) 

and





 EQ \f(B,A)  =  EQ \f(-i,4q2)  ,





(62)

where





  e∫ EQ \o(x1,x2)  dx'K(x').




(63)

Now the transmission coefficient is defined as the ratio of the absolute square of the coefficients of the right-traveling waves in regions III to I.  One can show that this means




T =  EQ \b\bc\|( \f(-2i \f(E,A),(1 - i \f(B,A)))) 2 .




(64)

Applying (64) to the barrier problem of Chapter 3, we find






T = e-4Ka,




(65)

where we have neglected the -  EQ \f(1,4q2)  term in the denominator of (64) for Ka >> 1.  Eqn (123) of Chapter 3 gives



T =  EQ \b\bc\[( \f(1,1 - \f(1,4) \b( \f(K,k1) - \f(k1,K) )2) )  e-4Ka,


(65)

in the same limit.  We see that the WKB method got the exponential part of T correct, but has missed the overall constant in front.  However, a rectangular potential does not satisfy well the WKB requirement for a slowly varying potential. 


Another application of the WKB method is to get approximate bound state energies.  Let us say that our potential looks like:
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The energy specified corresponds to a bound state.  In region I we must have an exponentially decreasing wavefunction:




uI(x) =    EQ \f(C,\r(k(x)))  e-∫ EQ \o(x,x1)  dx'K(x').


(66)

By the connection formula (57), the solution in region II is



uII(x) =    EQ \f(C,\r(k(x)))  2 cos  EQ \b\bc\[( \i\in(x1,x,dx')k(x') - \f(p,4) ) .

(67)

On the other hand, we must also have a decreasing exponential solution in region III:



uIII(x) =    EQ \f(C',\r(k(x)))  e-∫ EQ \o(x2,x)  dx'K(x').



(68)

Using the connection formula (55) this then gives



uII(x) =    EQ \f(C',\r(k(x)))  2 cos  EQ \b\bc\[( \i\in(x2,x,dx')k(x') + \f(p,4) ) .

(69)

We see that (67) and (69) are only compatible when





 EQ \i\in(x1,x2,dx') k(x') =  EQ \b(n + \f(1,2))  .


(70)

and





 EQ \f(C,C')  = (-1)n ,




(71)

where n = 0,1,2,...  Eqn (70) determines approximately the bound state energies of the system.


Let us apply (70) to the infinite square well of Chapter 3, although rigorously we have no right to do this for such a discontinuous potential. Using the notation of Chapter 3, we find that




ka =  EQ \f(p,2) \b(n + \f(1,2))  , n = 0,1,2,...


(72)




 E =  EQ \f(h2,2m) \b( \f(p \b(n + \f(1,2)),2a) )  2 .


(73)

Eqns (22) and (25) of Chapter 3 can be combined to read




ka =  EQ \f(p,2) (n + 1) , n = 0,1,2,... .

(74)




 E =  EQ \f(h2,2m) \b( \f(p \b(n + 1),2a) ) 2 .



(75)

for the exact energies.  We see that (73) has underestimated the energies by an amount that decreases as n increases.  This makes sense since increasing n is in the direction of classical energies where the WKB method is supposed to work best.


The constant  EQ \f(p,2)  on the right of (70) is special to bound states in one dimension.  In general, the value of this constant depends on the boundary conditions on the variable being studied.  For the radial variable in a three dimensional space this constant is zero.

Problems

1. Given the harmonic oscillator Hamiltonian,

H =  EQ \F(p\O(x,2),2m)  +  EQ \F(1,2)  m2x2
and energies,

En = h(n+ EQ \F(1,2) ), n = 0,1,2,...,

evaluate <x2>n using Eq.(3) of Ch.5.  [Hint: Carefully choose the parameter  to be one of the constants in H above.]

2.  Prove that the constant C() in Eq.(4), Ch.5, is real.

3.  Show Eqs.(61,62) of Ch.5.

Other problems

4. Consider a harmonic oscillator potential with a small bump at its bottom:

[image: image7.wmf]
H =  EQ \F(p\O(x,2),2m)  +  EQ \F(1,2) m2x2 + V(x), 

V(x) =  EQ \B\LC\{(\A\HS10(\L(V0, |x|£a),\L(0, elsewhere.))) 
Make the simplifying assumption that a2 <<  EQ \F(h,mw)  in this problem.  The unperturbed energy eigenfunctions for this problem are (see (213) of Chapter 3)

un(x) = ( EQ \F(mw,h) )1/4  EQ \F(1,\R(,\R(,p) 2nn!))  e-mx2/2h Hn( EQ \R(,\F(mw,h)) x), 

and the unperturbed energies are:

En = h(n+ EQ \F(1,2) ), n = 0,1,2,...

    (a)  Find the first order effect of this perturbation on the lowest energy state:

E EQ \O(n,') =0 =  EQ \F(hw,2)  + ?.

    (b)  Find the first order effect of this perturbation on the expectation value of x2:

<x2>n=0 =  EQ \F(h,2mw)  + ?.

[Notice, we do not know what the new eigenstates are.]

5.The eigenvalue equation for a system with a discrete, nondegenerate and complete set of states may be written formally as (Dirac notation; assume <n|n> = 1)

H |n> = En |n>,

where H0 is the unperturbed Hamiltonian and the old eigenenergies are given by En. A small potential, V, is added to H, H = H0 + V. Show that the new ground state eigenvector, |>, is given approximately by




|>  |> +  EQ \i\su(n=1,, ) |n>  EQ \f(<yn|DV|y0>,(E0-En)) .

6. Consider adding to the one-dimensional Hamiltonian,

H0 =  EQ \f(p\o(x,2),2m)  + V(x),

where the potential V(x) is an even function of x (V(x) = V(-x)) the perturbation ( = constant)

H1 = x.

(Physically, this could represent adding an electric field.)

(a)  On the basis of some physical property, argue that the new energies, to lowest order in , must be given by

En = E EQ \o((0),n)  + n2,

where the n are constants and E EQ \o((0),n)  are the unperturbed energies. (Notice there is no linear term ~  in En.)

(b)  Show that the constants n are given by the sum

n =  EQ \o(n'≠ n,S)\f(|<n|x|n'>|2,E\o((0),n)-E\o((0),n')) .

(c)  Evaluate n for the ground state (n=0) of an harmonic oscillator. The energies are E EQ \o((0),n)  = h(n+ EQ \f(1,2) ). [Hint: Remember that (pages 3.34 and 3.35 of the notes) 

x =  EQ \b(\f(h,mw)) 1/2  EQ \f(A + A†,\r(2)) ,

where

A|n > =  EQ \r(n)  |n-1 >,

A†|n > =  EQ \r(n+1)  |n+1 >.]

7. I have left out many other techniques for estimation of eigenenergies. One of the best known is the variational method for finding ground state energies. One can show that

<1|H|1> > <|H|>,

(|1>  EQ \o(=,\) (|y>)  for a given H where |1> is arbitrary and |> is the true ground state eigenket of the system. that is, the true ground state minimizes the energy of the system. This is useful in order to set up an upper limit to the actual energy if the true wavefunction can not be found exactly. Use this principle to solve the following problem:

Consider a Hamiltonian,

H = H0 + H1,

We are given

H0|0> = E0|0>,

where E0 and |0> are the ground state energy and eigenket of H0. Assuming <0|H1|0> = 0, show that

E < E0,

where E is the true ground state energy of H. This mean that the ground state energy is always lowered by the addition of the perturbation H1. This is the same conclusion we come to in the notes using perturbation theory, but the above argument is more general. [I call the above "Byron's theorem" after Byron Jennings at TRIUMF in Vancouver who came up with it.]

* Here we are using the rule (Leibnitz)


�   	 � EQ \f(d,dt) \i\in(a(t),b(t),f)(x) �dx = f[b(t)] � EQ \f(db,dt)  �- f[a(t)] � EQ \f(da,dt)  �.








